Fig. S1. Validation of the TS-DFT implementation. Fig. S2. Breathing soliton dynamics observed when the net dispersion of the laser cavity is 0.03 ps 2 . Fig. S3. Breathing soliton dynamics observed when the net dispersion of the laser cavity is 0.1 ps 2 . Fig. S4. Dynamics of a breathing soliton pair molecule. Fig. S5. Temporal dynamics of asynchronous bound breathing soliton pair: The pulsations of the elementary soliton intensities over cavity round trips are not synchronous. Fig. S6. Evolutions of the pulse peak power at its center |ψ(ζ, τ = 0)| 2 (red line) and the pulse energy Q(ζ) (black line) for the breather solution of the CQGLE shown in Fig. 5.
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Fig. S1. Validation of the TS-DFT implementation. A)
The calculated averaged optical spectrum (red line) from the measured consecutive single-shot spectra is compared with the average optical spectrum recorded with an OSA -optical spectrum analyzer (black line) for the breathing soliton generated with a pump current of 180 mA, corresponding to Fig. 2A in the main text. B) The spectra corresponding to Fig.  2D in the main text. C) The spectra corresponding to Fig. 2G in the main text. The averaged spectra measured by the TS-DFT agree well with those measured by the OSA. Fig. S4. Dynamics of a breathing soliton pair molecule. A) is the same as Fig. 3(A) in the main text. B) is the evolution of the field autocorrelation trace over cavity round trips. The Fourier transform of each single-shot spectrum in a gives the field autocorrelation trace at the corresponding round-trip number shown in b, showing that the temporal separation between the two breathers remains nearly constant (45 ps) over cavity round trips. Note that if the pulse bunch contains n pulses, its field autocorrelation trace features 2n−1 peaks. Here the autocorrelation trace of the soliton pair shows 3 peaks. 
